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Abstract. It is shown that the generalized (with nonpolynomial Lagrangian) Chern-
Simons membranes and in general p-branes moving inD-dimensional target space admit an
infinite set of secondary constraints. With respect to the Poisson bracket these constraints
satisfy closed algebra containing p-dimensional classical W algebra as a subalgebra. In the
case when the target space dimension D is finite the theory is topological.
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The polynomial Chern-Simons p-brane action was obtained [1] from the topological (p+1)-
brane action [2] –[5] in the same way as in the ordinary local theory. In the paper [6]
generalization for arbitrary space-time dimension was found by passing to nonpolynomial
Lagrangian in a similar form as the Nambu-Goto Lagrangian in the ordinary string the-
ory. The Chern-Simons (C-S) string was considered in [7] where it was shown that two
possibilities to have first class constraints can be choisen: the first one is to have a finite
number of secondary constraints and second one is to have an infinite number of secondary
constraints. There is also another possibility when second class constraints appear (see [6]
and [8]).
In the case when the infinite set of secondary constrains apears for the C-S string these
constrains satisfy an infinite algebra with respect to the Poisson brackets which contains
as a subalgebra the classical (without central term) SL(2, R) Kac-Moody algebra [9], [10]
(complete list of references is given in [11]) as well as the classical Virasoro algebra and
their higher spin extensions containing classical W1+∞ algebra [12].
In the present article the C-S membranes are considered. Starting from the Nambu-
Goto type C-S action with nonpolynomial Lagrangian it is shown that when we deal
with first class constraints, always appears an infinite set of secondary constraints. The
latter is one of the differences from the C-S string theory. These constraints give a lin-
ear realization of two-dimensional higher spin extended algebra containig as subalgebras
two-dimensional SL(2, R) Kac-Moody algebra two-dimensional Virasoro algebra and two
dimensional W1+∞-algebra
1 . We note that any of these algebras cannot be represented
as a direct product of one-dimensional algebras as in two-dimensional conformal theory
[13] –[15]2. The phase space transformation laws are also given. The generalization of
the results for arbitrary C-S p-branes is strigtforward. In that case we have higher spin
extension of the p-dimensional SL(2, C) Kac-Moody algebra.
We start with the p-brane Nambu-Goto action
S = κ
∫
M
dτdpσ
√−g, (1)
where
g = detgab (2)
1 In ordinary two-dimensional conformal theories we have two copies of Kac-Moody, Virasoro
and W algebras each of which acts only on one light-cone (holomorphic or antiholomorphic)
coordinate, i.e. we have direct product of two one-dimensional algebras.
2 In the present article we use the terminology of the papers [14] and [15].
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gab = X
µ
,aX
ν
,bηµν , (µ, ν = 0, 1, . . . , D − 1), (a, b = 0, 1, . . . , p), (3)
ηµν is the metric tensor in D dimensional Minkowski space-time, X
µ
,a = ∂aX
µ(a =
0, 1, . . . , p), κ is p-brane tension and M is p + 1-dimensional area in the D-dimensional
target space. The action (1) is invariant with respect to the p+1-variable diffeomorphisms
and as a consequence we have p+ 1 first class constraints:
φ⊥ = P2 + κ2det(gjk),
φj = PX,j, (j, k = 1, 2, . . . , p)
(4)
where gjk are the spatial components of the induced metric tensor (3).
Now, let us consider the special case D = p + 1. For example, in the particle case
(p = 0) D = 1, in the strings case (p = 1) D = 2, in the membrane case (p = 2) D = 3,
etc.. In that case Xµ,a becomes a square matrix and consequently the formula (2) can be
rewriten in the form:
detg =
(
detXµ,a
)2
. (5)
The equation (5) allows us to rewrite the action (1) in the following form
S = κ
∫
M
dτdpσ|Xµ,a|. (6)
We note, that the Lagrangian in (6) is just the Jacobian of the diffeomorphism which carries
the world-sheet space into p + 1-dimensional target space and vice-versa. Consequently,
in that case all the components of Xµ are purely longitudinal, i.e. we have no transversal
components. The topological character of the action (6) follows also from the corresponding
equations of motion which are trivially satisfyied. In the papers [2], [3] (see also [16]) it
was shown that the action (6) has self-duality properties. In the string case these self-
duality properties are easily demonstrated. They consist in the invariance of the action
with respect to the change:
Xµ,a = ǫ
µνǫab∂
bXν .
We recall that the self-dual Yang-Mills theory is also invariant with respect to the self-
duality transformations.
The next step is to consider the action with nondefinite sign
S = κ
∫
M
dτdpσdetXµ,a. (7)
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Incerting the identity
detXµ,a =
1
(p+ 1)!
ǫµ0,...,µpǫ
a0,...,apX
µ0
a0
. . .X
µp
ap
= (−)p+1ǫµ0,µ1,...,µp∂ap
(
Xµ0Xµ1,τ X
µ2
,σ1
. . .X
µp
,σp−1
) (8)
in the action (7) and integrating over the p-th direction we obtain (in the membrane case):
S = κ
∫
∂M
dτdσǫµνλX
µXντX
λ
σ , (9)
where ∂M is the boundary ofM. Our result is that starting from the topological (p+1)-
brane we obtain C-S action for p-dimensional extended object living in p+ 2-dimensional
space-time. For example the C-S particles are moving in 2-dimensional space-time, while
the C-S strings are moving in 3-dimensional space time, etc..
The action (9) has simple geometrical meaning. It is just the area momentum. In the
particle case (9) gives area velocity.
In order to generalize the C-S objects to any space-time dimension (as ordinary par-
ticles, strings, etc. ) we introduce the following notation:
X,A = ∂AX =
X if A = ∗
X,a if A = a,
where a = 0, 1, 2, . . . , p. Then the Lagrangian in the action (9) takes a similar form as in
the topological action (7), i.e. L = detXµ,A and consequently, to generalize this action for
target space with arbitrary dimension, we introduce a generalized induced metric tensor
g˜AB = X
µ
,AX
ν
,Bηµν .
By means of this metric tensor the form of the action for the C-S p-brane moving in a
target space with arbitrary dimension is the same as the ordinary Nambu-Goto action, i.e.
S = κ
∫
∂M
dτdpσ
√
−g˜, (10)
It is easy to check that the action (9) as well as (10) are invariant with respect to
p-variable (if a start from ordinary (p+1)-brane) diffeomorphism. As a concequences of
these invariance we have the following first class primary constraints:
φ⊥ = P2 + κ2det
(
X,uX,v
)
≈ 0,
φj = PXσj ≈ 0,
φ∗ = PX ≈ 0,
(11)
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where u, v = ∗, 1, . . . , p; j = 1, . . . , p. We note, that the Lagrangian (10) and the con-
straints for the C-S p-brane (11) can be obtained from the corresponding ordinary (p+1)-
brane Lagrangian (1) and (p + 1)-brane constraints (4) by replacing ∂σp+1X by X . We
recall, that the ordinary bosonic string has only two (bilinear) constraints while the C-S
string has three primary costraints, one of which is of degree four.
The appearance of the constraint φ∗ shows us that we have some residual symmetry
from the p+ 2-variable diffeomorfisms under which is invariant the action (1).
For any C-S p-brane the canonical Hamiltonian vanishes identically, i.e.
H0 = PX˙ − L ≡ 0,
which is a property of the ordinary p-brane theory too.
As was mentioned above, in the case of nonpolynomial Lagrangian (10) which lives in
arbitrary target space dimension we can choose to have only first class constraints [7], [8] or
to have also second class constraints. In the present article we restrict our considerations
only to the first possibility, i.e. to have only the first class constraints. We recall that
in the ordinary string case we have two first class constraints, while for the C-S string
there are two possibilities: the first is when we have four first class constraints [8] and the
second is when we have an infinite set of first class constraints [7]. In the latter case not
all of the constraints are independent if we deal with finite dimensional target space hence
we have not dynamical degree of freedom, i. e. we have topological theory. In that case
the dynamical degrees of freedom are possible only if we have infinite dimensional target
space.
In what follows we analize the constraint algebra for nopolynomial C-S membarne.
In this case we have four first class primary constraints (11). From the Poisson bracket
{φ⊥, φ∗}PB we obtain a secondary coinstraint
ψ⊥ = det
(
X,uX,v
)
≈ 0.
The appearance of this secondary constraint is a consequence of the fact that in the con-
straints (11) the coordinates Xµ without derivative are present.
Further, consider the Poison bracket
{φ⊥(f), ψ⊥(h)}PB ≈ 2
∫
d2σfh
((Pµ∂2σ1Xµ)Ψ11⊥+2(Pµ∂σ1∂σ2Xµ)Ψ12⊥+(Pµ∂2σ2Xµ)Ψ22⊥ ),
(12)
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which shows us that here appear new secondary constraints. From (12) it follows that we
have two possibilities to introduce new secondary constraints. The first is
a)
Ψ11⊥ =
∂det(g¯)
∂Xσ2
1
= X2X2σ2 −
(
XXσ2
)2 ≈ 0,
Ψ12⊥ =
∂det(g¯)
∂X
µ
,σ1Xµ,σ2
=
(
XX,σ1
)(
XXσ2
)−X2(Xσ1Xσ2) ≈ 0,
Ψ22⊥ =
∂det(g¯)
∂X2,σ2
= X2
(
Xσ2
)2 − (XXσ2)2 ≈ 0.
(13)
The second possibility for introdusing new secondary constraits consist in:
b)
Γ1,0 = P∂2σ1X ≈ 0,
Γ1,1 = P∂σ1∂σ2X ≈ 0,
Γ0,2 = P∂2σ2X ≈ 0.
(14)
First we shall consider the case a). In this case the Poisson bracket of the secondary
constraints (13) with the constraint φ⊥ also allows two posibilities. The first of them a1)
is when as independent new secondary constraints we chose:
X2 ≈ 0, (∂σjX∂σkX) ≈ 0, (j, k = 1, 2).
In the second case a2) the new secondary constaraints coinside with (14), i.e. with
the case b). Consequently, for the C-S membrane from both possible choises of the sec-
ondary constraints by multiple application of the Poisson brackets we find an infinite serie
of secondary constraints. As one appropriate choice of the secondary constraints is the
following:
Ψm,n =
(
P∂mσ1∂nσ2P
)
≈ 0,
Φm,n =
(
X∂mσ1∂
n
σ2
X
)
≈ 0,
Γm,n =
(
P∂mσ1∂nσ2X
)
≈ 0, (m,n = 0, 1, . . .).
(15)
We note that when the target space dimesion D is finite we have only a finite number
of independent constraints (15), hence, in that case we have a theory without dynamical
degree of freedom, i.e. we have a topological theory. In the case when we are dealing with
infinite dimensional target space it is easy to check that idependent are only the constraints
Ψ and Φ for which m+ n = 2k (k = 0, 1, . . .).
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With respect to the Poisson brackets the constraints (15) form the following infinite
algebra:
{Φk,l[f],Ψm,n[h]}PB = m∑
r=0
n∑
s=0
(
m
r
)(
n
s
)(
(−)m+nΦk+m−u,l+n−v[∂uσ1∂vσ2(fh)]
+
m−r∑
u=0
n−s∑
v=0
(−)r + s
(
m− r
u
)(
n− s
v
)
× Φk+m−r−u,l+n−s−v[∂uσ1∂vσ2(f∂rσ1∂sσ2h)]
(−)k+l+m+n
k∑
u=0
l∑
v=0
(
k
u
)(
l
v
)
× Φk+m−r−u,l+n−s−v[∂rσ1∂sσ2(h∂uσ1∂vσ2)]
(−)k+l+r+s
k∑
p=0
l∑
q=0
m−r∑
u=0
n−s∑
v=0
(
k
p
)(
l
q
)(
m− r
u
)(
n− s
v
)
× Φk+m−r−p−u,l+n−s−q−v[∂uσ1∂vσ2(∂pσ1∂qσ2f∂rσ1∂sσ2h)]
)
,
(16)
{Γk,l[f],Ψm,n[h]}PB = k∑
p=0
l∑
q=0
k−p∑
u=0
l−q∑
v+0
(
k
p
)(
l
q
)(
k − p
u
)(
l − q
v
)
× (−)p+q
(
Ψk+m−p−u,l+n−q−v
[
∂uσ1∂
v
σ2
(
h∂pσ1∂
q
σ2
f
)]
(−)m+n
m∑
r=0
n∑
s=0
(
m
r
)(
n
s
)
×Ψk+m−p−r−u,l+n−q−s−v[∂uσ1∂vσ2(∂pσ1∂qσ2f∂rσ1∂sσ2h)]
)
,
(17)
{Φk,l[f],Γm,n[h]}PB = k∑
p=0
l∑
q=0
(
k
p
)(
l
q
)(
(−)k+lΦk+m−p,l+n−q[∂pσ1∂qσ2(fh)]
+
k−p∑
u=0
l−q∑
v+0
(−)p+q
(
k − p
u
)(
l − q
v
)
× Φk+m−p−u,l+n−q−v[∂uσ1∂vσ2(h∂pσ1∂qσ2f)]
)
,
(18)
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{Γk,l[f],Γm,n[h]}PB = k∑
p=0
l∑
q=0
k−p∑
u=0
l−q∑
v=0
(−)u+v
(
k
p
)(
l
q
)(
k − p
u
)(
l − q
v
)
× Γk+m−p−u,l+n−q−v[∂k+u−pσ1 ∂l+v−qσ2 (h∂pσ1∂qσ2f)]
−
m∑
p=0
n∑
q=0
m−p∑
u=0
n−q∑
v=0
(−)u+v
(
m
p
)(
n
q
)(
m− p
u
)(
n− q
v
)
× Γk+m−p−u,l+n−q−v[∂m+u−pσ1 ∂n+v−qσ2 (f∂pσ1∂qσ2h)].
(19)
Now we are looking for subalgebras of this algebra. It is easy to see that the constraints
Φ0,0, Ψ0,0 and Γ0,0 satisfy the SL(2, R) Kac-Moody algebra. Indeed, introducing notations
H = PX ≈ 0, E+ = P2 ≈ 0, E− = X2 ≈ 0, (20)
we have just the generators of the deformed SL(2, R) Kac-Moody algebra:
{H[f ], E±[h]}PB = ±2E±[fh],
{E+[f ], E−[h]}PB = λH[fh],
(21)
where the parameter of deformation λ = −4.
The constraints Γj = P∂σjX, (j = 1, 2) satisfy two mutually noncommuting3 Virasoro
algebras
{Γj [f ],Γk[h]}PB = Γk
[
f∂σjh
]− Γk[h∂σjf]. (22)
It is easy to see that any of these Virasoro algebras can be extended to W∞ algebras.
More strictly, we have two Virasoro and two W1+∞ algebras acting on the σj direction
complemented by rotations in the σ1, σ2 plane.
The SL(2, R) Kac-Moody generators and the Virasoro generators also form an subal-
gebra including (21), (22) and which is closed on
{H[f ],Γj[h]}PB = H[f∂σj ]−H[∂σj (fh)],
{E+[f ],Γj[h]}PB = E+[f∂σjh− h∂σjf ],
{E−[f ],Γj[h]}PB = −E−[∂σj (fh)].
(23)
Concequently, we have as subalgebras also two copies W1+∞-algebras in linear real-
ization4. One of them acts on σ1 coordinate and the second acts on the σ2 coordinate. As
3 This is a difference with the Virasoro algebras in the ordinary string theory.
4 As the Virasoro subalgebras, these W1+∞-algebras differ from the ordinary W1+∞-algebras
because they are not mutually commuting.
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generators of these transformations appear the constraints Γk,0 and Γ0,k. In the general
case Γk,l can be considered as generators of generalized diffeomorphismes in two dimen-
sional space. Indeed, the Poisson bracket of Γ with the coordinate Xµ and Pµ give the
transformation laws for the phase space coordinates:
δ
k,l
Γ
Xµ = {Γk,l[f], Xµ}PB = −f∂kσ1∂lσ2Xµ,
δ
k,l
Γ
Pµ = {Γk,l[f], Xµ}PB = (−)k+l k∑
p=0
l∑
q=0
(
k
p
)(
l
q
)
∂pσ1∂
q
σ2
f∂k−pσ1 ∂
l−q
σ2
Pµ.
(24)
In the same way we obtain also:
δ
k,l
Φ
Xµ = {Φk,l[f], Xµ}PB = 0,
δ
k,l
Φ
Pµ = {Φk,l[f],Pµ}PB
= −f∂kσ1∂lσ2Xµ − (−)k+l
k∑
p=0
l∑
q=0
(
k
p
)(
l
q
)
∂pσ1∂
q
σ2
f∂k−pσ1 ∂
l−q
σ2
Xµ,
δ
k,l
Ψ
Xµ = {Ψk,l[f], Xµ}PB = f∂kσ1∂lσ2Pµ(−)k+l k∑
p=0
l∑
q=0
(
k
p
)(
l
q
)
∂pσ1∂
q
σ2
f∂k−pσ1 ∂
l−q
σ2
Pµ,
δ
k,l
Ψ
Pµ = {Φk,l[f],Pµ}PB = 0,
(25)
Consequently, δ1,0
Γ
and δ0,1
Γ
are the ordinary diffeomorphisms in two-dimensional space.
We note that the appearing assymmetry of transformation laws of the coordinate X and
momentum P is a consequence of the assymetric choise of the constraints (15). Taking
into account the identity
∂mP∂nX =
m∑
q=0
(−)q
(
m
q
)
∂q
(P∂m+n−qX)
it follows that the more symmetric basis can be obtained for the constraints (15) by a
simple redefinition
Λm,n → Λ˜m,n =
m∑
p=0
n∑
q=0
bmnpq ∂
p
σ1
∂qσ2Λ
m−p,n−q,
where b are some constants. By a suitable choise of the constants b the classical algebra
(16)–(19) can be deformed to the algebra which admits diagonal central extension [12] at
least for W1+∞ subalgebra.
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In order to determine the conformal spin content of the constraints (15) we consider
their conformal transformation laws:
δ
1,0
Γ
[
f
]
Γm,n = (m+ 1)∂σ1fΓ
m,n + f∂σ1Γ
m,n +
m∑
p=2
n∑
q=0
(
m
p
)(
n
q
)
∂pσ1∂
q
σ2
Γm−p+1,n−q,
δ
0,1
Γ
[
f
]
Γm,n = (n+ 1)∂σ2fΓ
m,n + f∂σ2Γ
m,n +
m∑
p=0
n∑
q=2
(
m
p
)(
n
q
)
∂pσ1∂
q
σ2
Γm−p,n−q+1,
δ
1,0
Γ
[
f
]
Ψm,n = (m+ 2)∂σ1fΨ
m,n + f∂σ1Ψ
m,n +
m∑
p=1
n∑
q=0
(
m
p
)(
n
q
)
∂p+1σ1 ∂
q
σ2
Ψm−p,n−q ,
+
m∑
p=2
n∑
q=0
(
m
p
)(
n
q
)
∂pσ1∂
q
σ2
Ψm−p+1,n−q ,
δ
0,1
Γ
[
f
]
Ψm,n = (m+ 2)∂σ2fΨ
m,n + f∂σ2Ψ
m,n +
m∑
p=0
n∑
q=1
(
m
p
)(
n
q
)
∂pσ1∂
q+1
σ2
Ψm−p,n−q ,
+
m∑
p=0
n∑
q=2
(
m
p
)(
n
q
)
∂pσ1∂
q
σ2
Ψm−p,n−q+1,
δ
1,0
Γ
[
f
]
Φm,n = m∂σ1fΦ
m,n + f∂σ1Φ
m,n +
m∑
p=2
n∑
q=0
(
m
p
)(
n
q
)
∂pσ1∂
q
σ2
Φm−p+1,n−q,
δ
0,1
Γ
[
f
]
Φm,n = m∂σ2fΦ
m,n + f∂σ2Φ
m,n +
m∑
p=0
n∑
q=2
(
m
p
)(
n
q
)
∂pσ1∂
q
σ2
Φm−p,n−q+1.
(26)
From (26) it follows that the constraint Φm,n has conformal spin s1 = m in the σ1 direction
and s2 = n in the σ2 direction. The constraints Ψ and Γ have spins s1 = m + 1, s2 =
n + 1 and s1 = m + 2, s2 = n + 2 respectively. From (26) it follows also that only the
constraints Γ0,0, Γ1,0, Γ0,1, Φ0,0, Φ1,0, Φ0,1 and Ψ0,0 are transformed according to the
primary field conformal law.
We note that considerations presented here can be generalized for arbitrary p-branes
without difficulties. In such a way we find a linear realization of higher spin extension of the
p-dimensional SL(2, C) Kac-Moody algebra containing as subalgebras p copies mutually
noncommuting W1+∞ algebras. We note, that in the considered above C-S membrane case
(p = 2) we have linear realization of higher spin extension of two-dimensional SL(2.R) Kac-
Moody algebra containing as subalgebras two (mutually noncommuting) W1+∞ algebras
which differ from the ordinary two-dimensional conformal transformations in the following:
1) The transformations act only on the spatial coordinates while the evolution parameter
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is not attacked. The total algebra is not represented as a direct product of two mutualy
commuting algebras each of which acts in one-dimensional space. The latter shows us that
we have a nontrivial extension of the higher spin symmetry algebras acting in space-time of
arbitrary dimension. Moreover, our considerations differ by those in [14] and [15] because
they are connected with a field theorethical model and we have a linear realization of higher
spin extended p-dimensional SL(2, R) Kac-Moody algebra acting on the phase-space for
the C-S p-brane.
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